In this paper we consider a system of delay differential equations as a model for the dynamics of tumorimmune system interaction. We carry out a stability analysis of the proposed model. In particular, we show that the system can have up to two steady states: the tumor free steady state, which always exist, and the tumor persistent steady state, which exists only when the relative rate of increase of the tumor cells exceeds the ratio between the natural proliferation rate and the relative death rate of the effector cells. We also determine an upper bound for the delay, such that stability is preserved. Numerical simulations of the system under different parameter values are performed.
Introduction
he immune system (IS) is a very complex one. It is composed of a complex network of different cells which operate collectively by communicating information through signalling. The duty of these cells is to keep our system natural, i.e., free of foreign entities. When a foreign entity enters our system, particular immune system cells raise an alarm and send signals through the network to other immune system cells calling for an attack on the foreign entity. Once the foreign substance is located and identified as non-self, the immune system plans an attack strategy. Among the most deadly foreign entities are cancer cells. Cancer cells are difficult to deal with because of their ability to multiply so fast that the IS cannot keep up. Another property of cancer cells is that they are able to camouflage the antigens (the substance that triggers the IS) such that the IS cannot recognise them as foreign cells.
Once cancer cells are identified as foreign, the IS starts an attack to destroy them. The interactions between tumour cells and the immune system are very complex and require sophisticated models to describe them. Mathematical models, based on ordinary differential equations, delay differential equations or partial differential equations, have proven to be useful tools in analysing and understanding the IS-tumor interactions. Several mathematical models have been suggested to describe the interactions between tumour and immune system [1] [2] [3] [4] [5] [6] [7] [8] [9] .
T
Many of these papers consider the tumor-IS interaction with other factors such as treatment. In this paper, we consider a mathematical model of IS-tumor interactions based on a system of delay differential equations. The delay is introduced to reflect the non-instantaneous outcome of the interaction between the immune system cells and the tumor cells. We carry out a stability analysis of the system and we simulate the system under different parameter values to explore the different asymptotic behaviors.
Many models that have appeared in the literature are based of the well-known Kuznetsov and Taylor model [1] which we describe in the next section.
Kuznetsov and Taylor model
The Kuznetsov and Taylor mathematical model to describe the tumor-immune system interaction is based on the following:
1. The growth of tumor cells population T (in the absence of the immune system cells) follows a logistic model: 2. The rate of production of the immune system cells E (the effector cells), has two sources: (i) a constant normal production rate s (in the absence of the tumor cells) and (ii) a production rate caused by the presence of tumor cells.
The magnitude of the second production rate is a function, 
Later, in [6] , the authors considered Kuznetsov and Taylor's model (3) with Holling Type I response function
, with and without delay, where the delay was introduced to reflect the delay in the response of the immune system before proliferating effector cells.
In this work, we consider (3) with a Holling Type I response function
with delay introduced in both equations as described in the next section.
A delay model
As in [6] , we consider ) , ( T E F of Holling Type I, but we consider the delay  according to the following biologically possible scenario. We assume that there is delay in both the proliferation of effector cells and in the disposal of tumor cells. In dimensionless form, the model we consider is The delay factor in model (5) models the natural delays in both the proliferation of effector cells and in the disposal of tumor cells. This is biologically meaningful as the IS takes time to react and migrate effector cells to the tumor site. Also, in the second equation of model (5), it models the delay in completely eradicating the tumor cells as they will not die immediately upon interacting with effector cells.
Our aim in studying the above model (5) is to investigate the effect, if any, of the time delay,  , in the disposal of the tumor cells. We carry out the stability analysis of the equilibrium states of the model (5) and determine necessary conditions for the local asymptotic stability. Also, we determine an upper bound for the delay parameter  such that stability is preserved. Numerical simulations of the model are performed to investigate the asymptotic behavior of the system.
Steady states
The steady states, ) , ( y x , of (5) are the solutions of the nonlinear homogeneous system (7) 
Stability analysis
We know that a steady state is locally asymptotically stable if all the eigenvalues of the Jacobian matrix of the system at the steady state have negative real parts.
Before we continue, we recall an important stability criterion known the Mikhailov criterion [9] : 
Before we proceed, we state and prove the following Lemma about the positivity of 0 C , which will be used later. It should be also mentioned that for certain initial conditions the solutions of the system become negative in finite time. 
